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Motivated by recent experimental progress in the study of quantum systems far from equilib-
rium, we investigate the relation between several dynamical signatures of topology in the coherent
time-evolution after a quantum quench. Specifically, we study the conditions for the appearance of
entanglement spectrum crossings, dynamical quantum phase transitions, and dynamical Chern num-
bers. For non-interacting models, we show that in general there is no direct relation between these
three quantities. Instead, we relate the presence of level crossings in the entanglement spectrum to
localized boundary modes that may not be of topological origin in the conventional sense. Finally,
we investigate how interactions influence the presence of entanglement spectrum crossings and dy-
namical quantum phase transitions, by means of time-dependent density matrix renormalization
group simulations.
I. INTRODUCTION
Founded on the general notion of topological phases of
matter [1–3], physical phenomena reflecting topological
properties by now have been predicted and observed in
a broad variety of systems. While in conventional solid-
state settings topological states are typically realized at
low temperatures, recent advances in quantum simula-
tors, e.g. implemented with ultra-cold atomic gases [4–6],
provide new opportunities for detecting dynamical sig-
natures of topology in quantum matter far from equi-
librium [7–10]. There, an enormous tunability enables
the implementation of a wide range of topological models
[11–18] (see [7–9] for recent reviews), and the high degree
of isolation allows for the realization of coherent quantum
many-body dynamics over relatively long timescales.
A common protocol to investigate the interplay be-
tween topology and dynamics is to perform a quantum
quench, where the system is initialized in a topologically
trivial state that can be prepared at low entropy, be-
fore some parameters in its Hamiltonian are changed to
a topological regime. In this scenario, numerous non-
equilibrium signatures witnessing the change of topol-
ogy have been identified [19–44], including dynamical
quantum phase transitions [35–40] (DQPTs), entangle-
ment spectrum crossings [41–43] (ESCs), and a dynam-
ical Chern number [44] (DCN). These concepts charac-
terize the post-quench time-evolution from quite differ-
ent physical perspectives. For quench protocols within
the same Altland-Zirnbauer (AZ) symmetry class [45–
47], it is known that DQPTs appear as a consequence of
crossing a quantum critical point between a trivial and a
topological phase [36, 37, 39, 48]. By contrast, ESCs are a
quantum information signature generalizing the presence
of protected boundary modes in the entanglement spec-
trum [49–52], thus representing an instantaneous prop-
erty of the time-evolved state [34]. Instead, the DCN is
a topological invariant defined over a dimensionally ex-
tended space-time domain [44].
In this work, we present a comprehensive study of
the relations between DQPTs, ESCs, and DCN as
fingerprints of non-equiblirium topology in quantum
quench dynamics, focusing one the fully microscopic
study of one-dimensional systems. We consider quan-
tum quenches that are not necessarily restricted to a cer-
tain AZ symmetry class, and explicitly construct quench
protocols exhibiting most of the possible combinations
regarding the presence and absence of DQPT, ESC, and
DCN (see Table I), where the absence of the few unob-
served combinations is motivated with a simple geometric
picture. In this sense, our results imply that there is no
one-to-one correspondence between any of pair of those
three signatures.
When constraining the quench protocol to a given AZ
class, all three signatures individually still constitute a
hallmark of some non-trivial topological properties in
quench dynamics, albeit an earlier suggested direct cor-
respondence between ESC and DCN [43] has been partly
refuted [33, 34, 53]. Here, going beyond the notion of
symmetry-preserving quenches, we show how these fea-
tures generally are neither related to topological proper-
ties of the pre- and post-quench Hamiltonians, nor to
an emergent topology of the time-evolved state. In-
stead, we observe how these signatures can be dynam-
ically generated even by quenches between topologically
trivial Hamiltonians, and how the ESCs can occur as
a consequence of accidental boundary modes having no
topological origin. Finally, by means of time-dependent
density matrix renormalization group [54, 55] (DMRG)
simulations, we first investigate the robustness of ESCs
and DQPTs against interactions, and finally show how
such signatures can appear after a quench of the interac-
tion strength in a correlated version of the Su-Schrieffer-
Heeger model [56].
This paper is structured as follows. In Sec. II, we
briefly review how ESCs, DQPTs and DCN can be cal-
culated for two-banded systems out of equilibrium. In
Sec. III and IV A we present our results in the non-
interacting and in the interacting regime, respectively.
We finally conclude in Sec. V.
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2II. MODEL AND INDICATORS OF TOPOLOGY
In this section, we introduce the general framework and
notations to be used throughout this article. We consider
a one-dimensional chain of spinless fermions with a num-
ber L of unit cells, each one consisting of two orbitals,
or sublattice sites, labeled with A and B. We denote
the fermionic operators annihilating a spinless fermion on
sublattices A and B with aˆj and bˆj , respectively, where
j = 1, . . . , L. In the following, we will focus on the case
where the system is initially prepared in the ground state
|Ψ〉 of a pre-quench Hamiltonian Hˆ = ∑i,j Πˆ†ihi,jΠˆj ,
with Πˆ†j =
(
aˆ†j bˆ
†
j
)
. At time t = t0 the Hamiltonian of
the system is suddenly switched to Hˆ ′ =
∑
i,j Πˆ
†
ih
′
i,jΠˆj
such that, for t > t0, the state of the system will be
|Ψ(t)〉 = Uˆ(t)|Ψ〉, with Uˆ(t) = e−iHˆ′(t−t0) being the uni-
tary time-evolution operator. Without loss of generality
we assume t0 = 0 and observe that, at each time t after
the quantum quench, the time-evolved state |Ψ(t)〉 is the
ground state of a time-dependent Hamiltonian:
HˆP(t) = e
−iHˆ′t Hˆ e+iHˆ
′t , (1)
called parent Hamiltonian [43], which satisfies the equa-
tion of motion i∂tHˆP(t) = [Hˆ
′, HˆP(t)] with the initial
condition HˆP(0) = Hˆ. From this definition, it is clear
that the spectrum of the parent Hamiltonian coincides
with that of the pre-quench Hamiltonian. In the fol-
lowing we will focus on systems with periodic bound-
ary conditions, and the momentum state description be-
comes a convenient basis for the explicit calculation of
the parent Hamiltonian in the two-band models con-
sidered. We introduce the momentum space operators
aˆk =
∑
j e
ikj aˆj/
√
L and bˆk =
∑
j e
ikj bˆj/
√
L, with
k = 2pin/L and n = −L/2, ..., L/2 − 1. In this basis the
parent Hamiltonian reads as HˆP(t) =
∑
k Πˆ
†
khP(k, t)Πˆk
where Πˆ†k =
(
aˆ†k bˆ
†
k
)
, and hP(k, t) = ~dP(k, t) · ~σ, with ~σ
being the vector of the three Pauli matrices acting in the
sublattice space and ~dP(k, t) the Bloch vector character-
izing HˆP(t). The Bloch Hamiltonian hP(k, t) for a sin-
gle momentum k satisfies i ∂thP(k, t) = [h
′(k), hP(k, t)].
We will consider quench protocols where the Bloch vec-
tor ~d(k) characterizing the pre-quench Hamiltonian Hˆ
is changed to the vector ~d′(k) characterizing the post-
quench Hamiltonian Hˆ ′. For such scenario, it can be
seen that the Bloch vector ~dP(k, t) is the solution of the
differential equation [43, 44]:
∂t~dP(k, t) = 2~d′(k)× ~dP(k, t) , (2)
with initial condition ~dP(k, 0) = ~d(k). The solution to
the above equation can be written as:
~dP(k, t) =~d||(k) + cos[2d′(k)t] ~d⊥(k)+
+ sin[2d′(k)t] ~do(k) , (3)
ESC DQPT DCN exists (3)/does not exist (7)
yes yes yes 3
no yes yes 3
yes no yes 7
no no yes 7
yes yes no 3
no yes no 3
yes no no 3
no no no 3
TABLE I. Summary of our main results in the non-interacting
case, showing the relations among ESCs, DQPTs, and DCN,
for quenches in one-dimensional two-band models. The 3 or 7
for the rows mark the possibility or impossibility, respectively,
of devising quench protocols featuring the corresponding com-
bination of the three signatures in the subsequent unitary
time-evolution.
where d(k) ≡ |~d(k)| and d′(k) ≡ |~d′(k)|, and:
~d||(k) =
[~d(k) · ~d′(k)]
d′2(k)
~d′(k) , (4a)
~d⊥(k) = ~d(k)− ~d||(k) , (4b)
~do(k) = −
~d(k)× ~d′(k)
d′(k)
. (4c)
The parent Hamiltonian offers a way of defining the
notion of non-equilibrium topology in quantum quench
problems. There are two inequivalent definitions of it.
The approach followed by [43] and [44] is that of defining
the non-equilibrium topology as the (1 + 1)-dimensional
topology of the of the parent Hamiltonian, i.e. taking
time as an additional dimension. In Refs. [33, 34] in-
stead, the topology of the time-evolved state is under-
stood as the 1-dimensional topology of a band-flattened
parent Hamiltonian, to which a classification similar to
the equilibrium one is then applied. As we will empha-
size in the following, for quenches within the same AZ
class, looking at the DCN and the entanglement spec-
trum dynamics correspond to probing the two above def-
initions of non-equilibrium topology, respectively, while
DQPTs occurr for quenches crossing a quantum critical
point [36, 37]. For general quantum quenches, not re-
stricted to a given AZ class, we will show how these three
signatures will become unrelated to any topology of the
pre- or post-quench, or parent Hamiltonian. In the next
section we review the definitions of entanglement spec-
trum, DQPTs and DCN, and how they can be calculated
in non-interacting two-band systems.
1. Entanglement spectrum and its degeneracy
The entanglement spectrum for a quantum state |Ψ〉
of a given system is the set of the eigenvalues {λm} of the
reduced density matrix ρˆS = TrS¯ |Ψ〉〈Ψ| for a subsystem
3S of length ` < L, where TrS¯ denotes the partial trace
over the complement S¯ of S in the total system. In the
following, we will calculate the entanglement spectrum
for the post-quench time-evolved state |Ψ(t)〉, choosing
the subsystem S consisting of the first ` = L/2 unit
cells. The reduced density matrix ρˆS can be expressed as
ρˆS = e
−HˆS/Tr
[
e−HˆS
]
, where the Hermitian operator HˆS
is referred to as entanglement Hamiltonian. The ground-
state of HˆS corresponds thus to the highest-weight eigen-
state of ρˆS . This notion offers a easy way of calculating
the entanglement spectrum for non-interacting systems.
There, HˆS can be shown to be a one-body operator of
the form HˆS =
∑
i,j h
S
i,j cˆ
†
i cˆj (see e.g. Refs. [57, 58] and
Appendix A 1), where in this section we denote with cˆj
generic fermionic annihilation operator on site j, with j
including possible orbital/spin degrees of freedom, and
i, j belong to subsystem S. The single-particle spec-
trum {n} of the entanglement Hamiltonian, i.e. the
eigenvalues of the operator hS in first quantization, can
be calculated from knowledge of the single-particle den-
sity matrix C, with elements Ci,j = 〈Ψ| cˆ†i cˆj |Ψ〉. De-
noting with {ξn} the spectrum of C, it can be shown
that ξn =
(
1 + en
)−1
. Thus the eigenvalues λm of the
entanglement spectrum are calculated by specifying the
filling of the single-particle entanglement modes n (see
Refs. [57, 58] and Appendix A 1 for more details).
For what follows, it is important to recall that there exists
a connection between the topological nature of the state
and the degeneracy of the eigenvalues in the entangle-
ment spectrum [49–52]. In particular, for non-interacting
systems, zero-energy modes in the spectrum of the par-
ent Hamiltonian for |Ψ〉 with open boundary conditions
imply the degeneracy of all the λm, as a consequence
of zero-energy modes in the single-particle spectrum of
the entanglement Hamiltonian appearing when the cut
between the two subsystems S and S¯ is performed. A
topological phase, generally endowed with zero-energy
boundary modes by bulk-boundary correspondence, cor-
responds therefore to a degenerate entanglement spec-
trum (see Ref. [51] and Appendix A 1 for a discussion).
The presence of ESCs specific times in the post-quench
dynamics, hallmarks the presence of zero-energy modes
in the spectrum of the parent Hamiltonian HˆP (t), when
open boundaty conditions are considered. For quenches
in the same AZ class, the dynamics of the entangle-
ment spectrum corresponds to probing the 1-dimensional
topology of the parent Hamiltonian at each instant in
time [33, 34]: We will see however that for general quench
protocols ESCs may appear as a consequence of bound-
ary modes not related to a topological phase in the stan-
dard sense.
2. Dynamical phase transition
A DQPT is signaled by a non-analyticity of a rate fun-
tion f(t) at a certain instant of time t, where f(t) is
defined as [35]:
f(t) = − lim
L→+∞
1
L
ln[L(t)] , (5)
associated to the Loschmidt echo (a return probability)
L(t) = |〈Ψ|e−iHˆ′t|Ψ〉|2, where |Ψ〉 denotes the initial
state, commonly chosen to be the ground state of the pre-
quench Hamiltonian. For two-band systems it is possible
to show that (see Appendix A 2):
f(t) = −
∫ pi
−pi
dk
2pi
ln
[
cos2[d′(k)t] + γ(k) sin2[d′(k)t]
]
,
(6)
where γ(k) =
[
~n′(k) · ~n(k)
]2
, ~n(k) = ~d(k)/d(k) and
~n′(k) = ~d′(k)/d′(k). From Eq. (6) we immediately ob-
serve that DQPTs occur when γ(k∗) = 0 for some mo-
menta k∗. Furthermore, we notice that the expression for
γ(k) is independent of the direction of the quench, and
so is the presence of DQPTs.
For quenches in the same AZ symmetry class, DQPTs
were shown to be related to the change of topologi-
cal properties of the Hamiltonians before and after the
quench [36, 37]: In particular, in [37] a dynamical topo-
logical order parameter unambiguously capturing such
change was introduced. In the following we will also
provide example of DQPTs occurring after quenches be-
tween topologically trivial Hamiltonians.
3. Dynamical Chern number
The dynamical Chern number is defined for non-
interacting models in one dimension, as the Chern num-
ber of the parent Hamiltonian in a (1 + 1)-dimensional
momentum-time domain. The DCN associated to a
generic parent Hamiltonian hP(k, t) = ~dP(k, t) · ~σ is de-
fined as [44] :
C
(m)
dyn =
∫
Am
dk
4pi
∫ Tk
0
dt~nP(k, t) · [∂k~nP(k, t)× ∂t~nP(k, t)] ,
(7)
measuring the number of times that ~nP(k, t) =
~dP(k, t)/|~dP(k, t)|, with ~dP(k, t) defined in Eq. (3), would
cover the Bloch sphere in a reduced momentum-time
manifold. This manifold is defined by the period of
the time-evolution for the Bloch states with given mo-
mentum k, Tk =
pi
d′(k) , and the momentum interval
Am ≡ [km, km+1], with m = 1, . . . , N , delimited by the
two consecutive momenta km and km+1 inside the first
Brillouin zone [−pi, pi) for which ~n(km) = ~d(km)/|~d(km)|
is parallel or anti-parallel to ~n′(km) = ~d′(km)/|~d′(km)|:
For each of the km, ~dP(km, t) is constant in time equal
to its initial value ~d(km). If no such fixed momenta
km are present, the domain of integration of Eq. (7)
4is equivalent to a torus, since ~dP(pi, t) = ~dP(−pi, t) and
~dP(k, t+ pi/d
′(k)) = ~dP(k, t). In the presence of N fixed
momenta km, the domain of integration of Eq. (7) can
be decomposed into N reduced momentum-time mani-
folds, each of them having the topology of a sphere, since
the Bloch states at km do not evolve apart from a global
phase. In this case, the DCN in Eq. (7) can be conve-
niently expressed as [44]:
C
(m)
dyn =
1
2
(cos θkm+1 − cos θkm) , (8)
with θkm being the angle between ~n(km) and ~n
′(km). In
the special case where the quench is performed within
the same symmetry class of the Altland-Zirnbauer classi-
fication, the dynamical Chern number can be related to
the winding numbers (BDI and AIII symmetry class) or
to the Z2 topological numbers (D symmetry class) of the
pre- and post-quench Hamiltonians. This suggests a re-
lation between a finite DCN and the presence of DQPTs,
which we will uncover later when presenting our results.
For general quantum quenches, we will see how a finite
DCN can arise quenching between two topologically triv-
ial Hamiltonians, thus demonstrating how this indicator
could be dynamically generated also in trivial cases.
III. NON-INTERACTING QUENCH
DYNAMICS
This section is aimed at discussing the relations be-
tween DQPTs, DCNs and ESCs in non-interacting sys-
tems. First, we discuss the first four cases of Table I
where the DCN is different from zero. We show that a fi-
nite DCN is a sufficient condition to have a DQPT, while
there is no connection between the DCN and the presence
of ESCs. Then, we address the four remaining cases of
Table I characterized by a vanishing DCN and we study
a simple quench protocol which allows us to show that
there are no connections between ESCs and DQPTs ei-
ther. Finally, we show that ESCs are accompanied by the
appearance of zero-energy modes and discuss their topo-
logical origin. In the following, the vectors ~d(k) and ~d′(k)
associated to the pre-quench and the post-quench Hamil-
tonians respectively fully determine the time-evolution of
the system. As before, we set ~n(k) = ~d(k)/|~d(k)| and
~n′(k) = ~d′(k)/|~d′(k)|.
A. Non-vanishing dynamical Chern number
1. Simultaneous presence of ESC and DQPT
We consider a system which is prepared in the ground
state of a purely classical Hamiltonian and then evolves
with the Su-Schrieffer-Heeger (SSH) Hamiltonian [56].
This corresponds to the case studied in Ref. [43]. We
show in the following that the presence of ESCs probes
FIG. 1. Time evolution of the entanglement spectrum eigen-
values (solid lines) and of the rate function f(t) (dashed
red line) for the quench protocol: ~d(k) = (Jx, 0, 0) and
~d′(k) = (Jx cos k, Jx sin k, 0). Here L = 1000 sites and Jx = 1.
In this case the ESCs and the DQPTs, signaled by the cusps
in f(t), appear at the same instants in time, while the DCN
is finite (±1).
in this case one-dimensional the topology of the parent
Hamiltonian HP (t), and that their degeneracy is related
to the number of edge modes in the spectrum of HP (t).
The Bloch vectors ~d(k) and ~d′(k) corresponding to the
pre-quench and the post-quench Hamiltonians are given
by:
~d(k) = (Jx, 0, 0) , (9a)
~d′(k) = (Jx cos k, Jx sin k, 0) , (9b)
and are parallel and anti-parallel for k = 0 and k = pi
respectively. This identifies two distinct momentum-time
regions for the calculation of the DCN, and using Eq. (8)
we observe that it is quantized to one (minus one) de-
pending on which region we consider. The fact that the
DCN for the total momentum-time zone sums to zero is
a consequence of the particle-hole symmetry C = σzK
of the model (with K being the complex conjugation).
The particle-hole is the only symmetry preserved in the
time-evolution [33, 34], and at all times it relates the par-
ent Bloch vectors ~dP(k, t) and ~dP(−k, t), implying that a
positive covering of the Bloch sphere in one half of the
momentum-time manifold must appear together with a
negative one in the other half.
The Bloch vector ~dP(k, t) of the parent Hamiltonian can
be determined from Eq. (3) (see Appendix A 3 for de-
5tails):
d
(x)
P (k, t) = Jx − 2Jx sin2(Jxt) sin2 k , (10a)
d
(y)
P (k, t) = Jx sin
2(Jxt) sin 2k , (10b)
d
(z)
P (k, t) = −Jx sin(2Jxt) sin k , (10c)
which is periodic in time with the same period pi/Jx
for each k. In Fig. 1 (solid lines) it can be seen that
at times t∗ = pi/(2Jx) + mpi/Jx all the eigenvalues
in the entanglement spectrum are degenerate. These
ESCs are topological, in the sense that they stem from
topologically protected boundary modes in the parent
Hamiltonian appearing at times t∗, as we motivate in
the following. From the above expression of the par-
ent Hamiltonian it can be easily seen that at times
t∗ = pi/(2Jx) + mpi/Jx it corresponds to a flat-band
next-nearest-neighbor SSH model [59], i.e. dP(k, t
∗) =
(Jx cos 2k, Jx sin 2k, 0), with a restored chiral symmetry
S = σz, such that S hP(k, t
∗)S† = −hP(k, t∗). The
parent Hamiltonian HˆP(t
∗) with open boundary con-
ditions therefore hosts four protected boundary modes
at zero energy. This implies the presence of four zero-
energy single-particle entanglement modes, when the
half-system bipartition is considered. Since the par-
ent Hamiltonian has flat bands, these four entanglement
modes are the only ones contributing to the entangle-
ment spectrum (see Appendix A 1). The number of non-
zero eigenvalues in the entanglement spectrum is thus
24 = 16, and the degeneracy of the four entanglement
modes at t = t∗ forces all of them to be equal at these
times, implying ESCs.
The presence of these ESCs is consistent with the out-
of-equilibrium classification of Ref. [34]. The pre- and
post-quench Hamiltonians (9a)-(9b) belong to class BDI,
possessing time-reversal, particle-hole and chiral symme-
try, and can be characterized by a Z topological invari-
ant (winding number). Since the only symmetry pre-
served in the time-evolution is the particle-hole [33, 34],
the topology of the state out-of-equilibrium reduces to
being classified by a Z2 invariant (e.g. the Zak phase,
as we will define later on). This Z2 invariant, denoted
with ν(t) in this section, can be calculated by looking at
the real lattice momenta k = 0, pi: We can compute it as
(−1)ν(t) = sign[d(x)P (0, t)d(x)P (pi, t)], from which it can be
seen that ν(t) equals 0, its starting value, at all times.
Finally, the existence of DQPTs is inferred by calculating
γ(k) =
[
~d(k)·~d′(k)]2 = J4x cos2 k: For k = pi/2 the system
undergoes a DQPT at times t∗ = pi/(2Jx) + mpi/Jx, as
can be seen in Fig. 1 (dashed red line). The fact that in
this example DQPTs and ESCs occur at the same times
is a consequence of the post-quench Hamiltonian having
flat bands. The presence of band dispersion makes the
parent Hamiltonian not periodic in time anymore, and
shifts the instants at which DQPTs occur away from the
ESCs. This already hints to the fact that DQPTs and
ESCs are unrelated.
FIG. 2. Time evolution of the largest entanglement spectrum
eigenvalues (solid lines) and of the rate function f(t) (dashed
red line) for the quench protocol: ~d(k) = (Jx, 0, Jz cos k) and
~d′(k) = (Jx cos k, Jx sin k, Jz). Here L = 1000, Jx = 1 and
Jz = 1. In this case, the presence of DQPTs is not accompa-
nied by ESCs, while the DCN is finite (±1).
2. Absence of ESCs and presence of DQPTs
In order to show that a finite DCN does not imply the
presence of crossings in the entanglement spectrum, we
consider a quantum quench determined by:
~d(k) = (Jx, 0, Jz cos k) , (11a)
~d′(k) = (Jx cos k, Jx sin k, Jz) . (11b)
The vectors ~n(k) and ~n′(k) are parallel and anti-parallel
for k = 0 and k = pi, respectively, and using Eq. (8), it
can be seen that the DCN is quantized to one, again indi-
cating a full winding of the parent Bloch vector ~nP(k, t)
around the Bloch sphere in half of the momentum-time
zone. We see that this DCN quantization does not corre-
spond to any topological property of the pre- and post-
quench Hamiltonian. Indeed the pre-quench Hamiltonian
has a chiral symmetry but it cannot host any topologi-
cal phase (the winding number is always zero), whereas
the post-quench Hamiltonian corresponds to a flat-band
Rice-Mele model [60] with a finite imbalance Jz which
prevents the model to have any protecting symmetry. As
we show in Fig. 2(a), there are no ESCs, while it is easy to
see that DQPTs occurs when t∗ = (2m+ 1)pi/
√
J2x + J
2
z
(see Fig. 2(b)).
It is worth to point out that a similar case (finite DCN
and absence of ESCs) can happen also for quenches
within the same AZ class. Considering for example class
AIII, in Ref. [53] it was discussed how the ECSs be-
came unstable under band dispersion of the post-quench
Hamiltonian, despite quenching from a trivial to a topo-
logical phase, which implies a quantized DCN [44] (and
6FIG. 3. For the quench protocol ~d(k) = J(β, 0, α) to ~d′(k) =
J(cos k, sin k, α), the parameters α and β determine the exis-
tence of four regions where DQPTs and/or ESCs appear or
do not appear. The existence of ESCs extends to the blue
line as well (and thus for any α = 0), which corresponds to
che case of DCN quantized to one.
the presence of DQPTs, as we will see below). This ex-
emplifies the fact that the (1+1)-dimensional topology of
the parent Hamiltonian, measured by the DCN, in gen-
eral does not reflect its 1-dimensional topology, which
via bulk-boundary correspondence would become appar-
ent as a degenerate entanglement spectrum.
3. Absence of DQPTs
This case cannot exist. In order to have a non-zero
quantized DCN, we must have a fixed k∗ inside the Bril-
louin zone such that ~n(k) and ~n′(k) are parallel, i.e.
~n(k∗) · ~n′(k∗) = 1 and a fixed k∗∗ such that ~n(k) and
~n′(k) are anti-parallel, i.e. ~n(k∗∗) · ~n′(k∗∗) = −1. How-
ever, since the function ~n(k) · ~n′(k) must be continuous
there must be a k such that ~n(k) · ~n′(k) = ~d(k) · ~d′(k) = 0.
This last equality implies the existence of a DQPT. For
this reason, we observe that a quantized DCN is a suffi-
cient (but not necessary) condition to have a DQPT.
B. Vanishing dynamical Chern number
The last four cases reported in Table I can be addressed
by studying quantum quenches described by the following
Bloch vectors:
~d(k) = (Jx, 0, Jz) ≡ J(β, 0, α) , (12a)
~d′(k) = (J cos k, J sin k, Jz) ≡ J(cos k, sin k, α) , (12b)
where we set Jx = βJ and Jz = αJ , with α > 0 and
β > 0 being dimensionless parameters. Since the vec-
tors ~n(k) and ~n′(k) can never be anti-parallel, the DCN
is vanishing for all α and β. This can be also checked
by explicitly computing the DCN from Eq. (7), integrat-
ing over the whole momentum-time zone [−pi, pi)× [0, T )
with T = pi
J
√
1+α2
: The result vanishes for any α and β,
reflecting the fact that the parent Bloch vector ~nP(k, t)
does not wrap around the Bloch sphere. DQPTs occur
(do not occur) when |α2/β| < 1 (|α2/β| > 1). As shown
in Fig. 3, DQPTs and ESCs are completely independent.
Indeed, by varying the parameters α and β, there exist
four regions where any combination of the presence or
absence of these features appears.
1. Entanglement spectrum crossings and zero-energy modes
For a proper choice of the parameters α and β the
parent Hamiltonian for the quench protocol defined by
Eqns. (12a)-(12b) exhibits ESCs, i.e. degeneracies of the
entanglement spectrum at certain times. We now investi-
gate in more details how such crossings are related to the
presence of zero-energy modes. Preliminarily, we observe
that for α = 0 and β = 1 we recover the phenomenol-
ogy studied in Subsection III A 1, with non-zero DCN.
In particular, the emerging ESCs are associated to the
zero-energy modes of a generalized SSH model with next-
nearest-neighbor hopping terms supporting four zero-
energy modes protected by a chiral symmetry. This re-
sult can be easily extended to the case β 6= 1.
We first notice that for α < 1 and β = 0, the emerg-
ing ESCs are associated to the zero-energy modes of a
SSH model with nearest-neighbor hopping terms (see Ap-
pendix A 3). In this case, the DCN is zero, however we
obtain a non-trivial 1-dimensional topology of the par-
ent Hamiltonian despite quenching between two topolog-
ically trivial models.
We now discuss the ESCs appearing for α 6= 0 and β 6= 0
and we show that such crossings capture the presence
of accidental zero-energy modes, i.e. zero-energy modes
which are not associated to a standard symmetry pro-
tected topological phase. We proceed as follows. First we
calculate the vector ~dP(k, t) from Eq. (3) for the quan-
tum quench defined in Eq. (12) (see Eq. (A15) in Ap-
pendix A 3 for a detailed expression). The corresponding
parent Hamiltonian hP(k, t) can be written as:
hP(k, t) = h
(n.)
P (k, t) + h
(n.n.)
P (k, t) , (13)
with:
h
(n.n.)
P (k, t) =
(
0 η(t)e−2ik
η∗(t)e2ik 0
)
, (14a)
h
(n.)
P (k, t) =
(
M(k, t) δ(t) + (t)e−ik
δ∗(t) + ∗(t)eik −M(k, t)
)
, (14b)
7FIG. 4. Dynamics of various signatures for the quench pro-
tocol: ~d(k) = J(β, 0, α) and ~d′(k) = J(cos k, sin k, α) with
α = β = 0.5 and J = 1. (a) Time evolution of the entan-
glement spectrum λm(t) (for m = 1, ..., 6 — solid lines), and
of the rate function f(t) (dashed red line). (b) Time evolu-
tion of the eigenvalues hn(t) of the parent Hamiltonian HˆP (t)
with open boundary conditions. A pair of zero-energy modes
appears when the entaglement spectrum is degenerate. (c)
Time evolution of the Zak phase Z(t) of the parent Hamil-
tonian hP(k, t) (solid blue line). The Zak phase does not
equal pi (marked by the red horizonal line) at the times of the
ESCs (marked by vertical dashed black lines — in green the
entanglement spectrum for clarity), implying the absence of
inversion as well as other possible protecting symmetries in
the AZ sense.
with M(k, t) = m(t) +mc(t) cos k +ms(t) sin k. The ex-
plicit expressions of the functions δ(t), (t), η(t), and
M(k, t) can be found in Appendix A 3. Given the parent
Hamiltonian in momentum space we can easily obtain the
parent Hamiltonian in real space, where we notice that
h
(n.)
P (k, t) contains on-site terms plus nearest-neighbor
hopping terms while h
(n.n.)
P (k, t) contains next-nearest-
neighbor hopping contributions. By diagonalizing HˆP(t)
with open boundary conditions, we observe that zero-
energy modes appear in its single-particle spectrum at
the times when crossings in the entanglement spectrum
happen. This is clear from Fig. 4(a) where we show the
occurrence of ESCs accompanied by the appearance of
(pairs of) zero-energy modes in the single-particle spec-
trum at the same times, shown in Fig. 4(b). A nat-
ural question which arises is whether these zero-energy
modes are associated to a symmetry protected topologi-
cal phase.
According to the Altland-Zirnbauer (AZ) classification
of topological phases of matter, in one dimension, sym-
metry protected topological phases with zero-energy
modes can appear in the presence of a chiral symme-
try S such that S hP(k, t)S
† = −hP(k, t) (symmetry
classes BDI and AIII) or in the presence of a particle-
hole symmetry C such that C h∗P(k, t)C
† = −hP(−k, t)
(symmetry class D). Since the matrix S must be k-
independent, we observe that S hP(k, t)S
† = −hP(k, t)
must hold for h
(n.)
P (k, t) and h
(n.n.)
P (k, t) separately, i.e.:
S h
(n.)
P (k, t)S
† = −h (n.)P (k, t) and S h (n.n.)P (k, t)S† =
−h (n.n.)P (k, t). We can define a chiral symmetry S = σz
for the Hamiltonian h (n.n.)(k, t), however one can im-
mediately see that this is not a chiral symmetry for
h
(n.)
P (k, t). Hence the zero-energy modes emerging dur-
ing the time-evolution are not protected by an emergent
chiral symmetry (this can be also seen by inspecting the
winding of the parent Bloch vector shown in Fig. 10 in
Appendix A 3). The presence of particle-hole and in-
version symmetries is ruled out by analyzing the time-
evolution of the Zak phase of hP(k, t), defined as [61, 62]:
Z(t) = i
∫ pi
−pi
dk 〈uP(k; t)|∂k uP(k; t)〉 , (15)
with |uP(k; t)〉 denoting the Bloch state of the lower band
of hP(k, t). As shown in Fig. 4(c), the Zak phase is not
quantized when the zero-energy modes appear. As long
as α 6= 0 and β 6= 0, these emerging zero-energy modes
are thus determined by a fine tuning of the parameters
in the parent Hamiltonian hP(k, t) and cannot be un-
derstood as standard zero-energy modes of a symmetry
protected topological phase belonging to a fixed symme-
try class of the AZ classification. One can intuitively
understand this by first observing that the off-diagonal
terms of hP(k, t) describe a generalized SSH model with
nearest- and next-nearest-neighbor terms, and a chiral
symmetry S = σz. Assuming for the moment the di-
agonal terms to be equal to zero, the generalized SSH
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FIG. 5. Time-evolution of the four largest eigenvalues λm(t) of the entanglement spectrum for the quench protocol: ~d(k) =
J(β, 0, α) and ~d′(k) = J(cos k, sin k, α) with α = β = 0.5 and different values of the Hubbard interaction term: U = 0.5J (a),
U = J (b). (c) The entanglement spectrum at a fixed time t∗ [see the black arrow in (a)] for which we have crossings between
the two largest eigenvalues at U = 0.5J . Data obtained with DMRG for a chain of L = 96 unit cells with OBC and J = 1,
using time step dt = 0.0025 (in units 1/J). The truncation error is smaller than 10−12 at all times.
model can host four, two or zero exponentially local-
ized zero-energy modes depending on the values of η(t),
(t), and δ(t). Let us now consider a fixed time t∗ at
which we have ESCs, e.g. t∗ ≈ 1.028826 in the case of
α = β = 0.5. In this case the off-diagonal terms alone,
η(t∗) = 1/3, (t∗) = (1 + i)/3, and δ(t∗) = −i/6, would
determine the presence of two zero-energy modes pro-
tected by the chiral symmetry σz. The presence of di-
agonal terms breaks this chiral symmetry and generally
would split these modes away from zero energy, still pre-
serving their exponentially localized nature. However at
time t∗ the interplay of m(t∗) = −1/6, mc(t∗) = 1/3,
and ms(t
∗) = −1/3 constitutes a fine-tuning of diagonal
elements which restores the two-fold degeneracy of the
single-particle spectrum at zero energy, even though no
chiral symmetry is present. These modes have therefore
an underlying topological origin, coming from the gener-
alized SSH model in absence of the diagonal terms, but
their degeneracy at zero energy is a result of a particular
choice of symmetry-breaking terms.
The presence of these accidental edge states at zero-
energy in the spectrum of the flat-band parent Hamil-
tonian directly implies the presence of single-particle
zero-energy modes in the spectrum of the entanglement
Hamiltonian, thus yielding a degenerate entanglement
spectrum at times t∗+nT and (T − t∗)+nT with n ∈ N.
IV. INTERACTING QUENCH DYNAMICS
In this Section, by means of time-dependent DMRG,
we study quench protocols in the presence of a Hubbard
repulsive interaction U
∑
j nˆj,anˆj,b, with nˆj,a = aˆ
†
j aˆj and
nˆj,b = bˆ
†
j bˆj for one-dimensional two-band models. This
Section is divided into two paragraphs. In the first one,
we consider the quench protocol defined in Eq. (12) in
the regime where α and β are tuned to have both DQPTs
and ESCs in the non-interacting case and we show that
the Hubbard interaction plays a detrimental role to their
presence, in the sense that DQPTs and ESCs disappear
when U becomes sufficiently large. In the second para-
graph, we investigate the opposite scenario, i.e. we show
that DQPTs and ESCs can be generated by performing
a quench of the interaction term. Our analysis is per-
formed on an interacting SSH model in the flat band
regime which can be addressed both numerically and an-
alytically. The following numerical simulations have been
performed using the ITensor library [http://itensor.org].
A. DQPTs and ESCs in the presence of
interactions
We consider the quench protocol defined in Eq. (12)
in the regime where α = β = 0.5 such that, in the non
interacting case, we have both DQPTs and ESCs. We
switch on the repulsive Hubbard interaction U in the
post-quench Hamiltonian, albeit we notice that this is
equivalent to the case of having it switched on from the
very beginning, being it SU(2) invariant and since we
start from a fully polarized state. In Fig. 5 we start
investigating the time-evolution of the four largest eigen-
values λm(t) of the entanglement spectrum for different
values of the Hubbard interaction U (panels (a) and (b)).
Preliminarily we observe that, because of the presence of
interactions, the time-evolution is not periodic anymore
and many eigenvalues of the entanglement spectrum be-
come non-vanishing during the dynamics. In the presence
of weak repulsive interactions, cf. Fig. 5(a), the entangle-
ment spectrum crossings between the two largest eigen-
values are preserved, while they disappear for stronger
interactions, cf. Fig. 5(b). In Fig. 5(c), we investigate
the degeneracies of the entanglement spectrum at time
t = t∗ for which we have a crossing between the two
largest eigenvalues at U = 0.5J , cf. Fig. 5(a). Interest-
ingly, we observe that only the two largest eigenvalues
are degenerate, while the lowest ones are not. This is
in stark contrast with the non-interacting case for which
the entanglement spectrum is fully degenerate. We have
9FIG. 6. The rate function f(t) for the quantum quench ~d(k) =
J(β, 0, α) and ~d′(k) = J(cos k, sin k, α) with α = β = 0.5 for
different values of the Hubbard interaction term U . Data
obtained with DMRG for a chain of L = 96 unit cells with
OBC and J = 1, using time step dt = 0.001. The truncation
error is smaller than 10−12 at all times.
verified that this is not a finite size effect by increasing
the size of the system up to L = 244 sites.
In Fig. 6 we show the behavior of the rate function f(t)
for different values of the interaction term. Similarly to
the ESCs case, we observe that the divergences of the rate
function f(t) persist in the weakly interacting regime,
while they disappear for larger interaction strengths, up
to the timescales that we have investigated. We finally
mention that the phenomenology observed here is qual-
itatively unaltered if we set α = 0, namely considering
the case of a quench of the form (9a)-(9b) in the SSH
model.
B. Interacting SSH model
As a different scenario compared to what discussed be-
fore, here we consider interaction quenches in an inter-
acting SSH model:
Hˆ =
∑
j
[(
Jaˆ†j+1bˆj + J
′aˆ†j bˆj + H.c.
)
+ Unˆj,anˆj,b
]
,
(16)
which supports at half-filling (the particle number N is
equal to the number of sites L) a symmetry protected
topological phase for U < Uc and a trivial phase for
U > Uc with Uc = 4J when J
′ = 0. The full phase
diagram has been studied in Ref. [63]. In the following,
for simplicity, we set J ′ = 0 and assume to prepare the
system in a trivial state by choosing the pre-quench in-
teraction U > Uc, and quench into the topological phase
U ′ < Uc. We study this quantum quench protocol — that
does not have a counterpart in the non-interacting regime
in the sense that the single-particle hopping terms remain
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FIG. 7. Time evolution of the rate function f(t) after a quench
in the interacting SSH model from finite (large) U to U ′ = 0.
Black line: f(t) from Eq. (6), valid for PBC, for a quench from
U = 10J to U ′ = 0. Red, blue, green and violet lines show
f(t) from DMRG simulations with OBC, for a quenches to
U ′ = 0 starting from U = 5J, 10J, 20J and 100J , respectively.
In the plot J = 1, L = 1056, the time step dt = 0.0025 (in
units 1/J). The truncation error is smaller than 10−12 at all
times.
constant — numerically assuming open boundary condi-
tions (OBC) and analytically assuming periodic bound-
ary conditions (PBC). We start our analysis assuming
PBC and we discuss the existence of DQPTs. To this
aim, we introduce the bond operators:wˆj,+ =
1√
2
(
aˆj+1 + bˆj
)
wˆj,− = 1√2
(
aˆj+1 − bˆj
)
,
(17)
and define the su(2) algebra operators:
Tˆ
(x)
j = wˆ
†
j,+wˆj,− + wˆ
†
j,−wˆj,+ , (18a)
Tˆ
(y)
j = −i(wˆ†j,+wˆj,− − wˆ†j,−wˆj,+) , (18b)
Tˆ
(z)
j = wˆ
†
j,+wˆj,+ − wˆ†j,−wˆj,− , (18c)
satisfying the usual commutation relations [Tˆ
(α)
i , Tˆ
(β)
j ] =
2iαβγ Tˆ
(γ)
i δij . Then, we can map the Hamiltonian (16)
onto an Ising chain in the presence of a transverse mag-
netic field [63]:
Hˆ =
∑
j
[
JTˆ
(z)
j −
U
4
Tˆ
(x)
j−1Tˆ
(x)
j
]
, (19)
and observe that the paramagnetic (anti-ferromagnetic)
phase of the Ising chain corresponds to the topologi-
cal (trivial) phase of the interacting SSH model. Using
a standard Jordan-Wigner transformation, the Hamil-
tonian (19) can be mapped onto a Kitaev chain. If
10
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FIG. 8. Time-evolution of the six largest eigenvalues λm(t)
of the entanglement spectrum for a quench in the interacting
SSH model from U = 5J to U ′ = 0 with J = 1. Data obtained
with DMRG on a chain of L = 1056 unit cells with OBC, with
time step dt = 0.0025 (in units 1/J). The truncation error is
smaller than 10−12 at all times.
we define cˆi = Sˆi−1Tˆ−i and cˆ†i = Tˆ+i Sˆi−1 with Tˆ±j =
(Tˆ
(x)
j ± iTˆ (y)j )/2 and Sˆi−1 =
∏i−1
j=1 e
ipiTˆ+j Tˆ
−
j the usual
string operator, we obtain:
Hˆ = 2J
∑
i
cˆ†i cˆi −
U
4
∑
i
(cˆ†i − cˆi)(cˆ†i+1 − cˆi+1) . (20)
Using the Nambu spinors Cˆ†k =
(
cˆ†k cˆ−k
)
in the momen-
tum space representation, we can rewrite the Hamilto-
nian (20) as Hˆ =
∑
k>0 Cˆ
†
kh(k)Cˆk, where h(k) =
~d(k) ·~σ,
with ~d(k) = (0,−U/2 sin k, 2J −U/2 cos k); similarly the
vector ~d′(k) corresponding to the post-quench Hamilto-
nian is ~d′(k) = (0,−U ′/2 sin k, 2J − U ′/2 cos k). From
now on, for simplicity, we set J = 1.
Before addressing the presence of DQPTs, we observe
that, despite the presence of interactions, we are able
to map the interacting SSH Hamiltonian (16) onto a
quadratic Hamiltonian. Then, using Eq. (8), we can de-
fine a DCN for our quench protocol. In particular, the
DCN is equal to one when the pre- and the post-quench
Hamiltonian belong to two different phases and vanishes
when they belong to the same phase. The existence of
DQPTs with PBC can be then diagnosed using Eq. (6)
applied to the Kitaev model obtained after the transfor-
mations (17) and (18). In the following we assume U ′ = 0
and observe that DPTs occur when t∗ = pi/4 +npi/2, see
the red line data in Fig. (7), as long as U > Uc.
Using time-dependent DMRG with OBC we have stud-
ied the behavior of the rate function f(t) defined in
Eq. (5) by explicitly simulating the quench protocol for
the Hamiltonian (16) for U ′ = 0 and different values of
U . In Fig. 7 we compare our numerical DMRG data with
the analytical prediction obtained using Eq. (6). We no-
tice that the rate function f(t) obtained from DMRG
exhibits DQPTs, but not in correspondence of the times
t∗ obtained by means of Eq. (6) which is valid with
PBC. This discrepancy is a direct consequence of the
open boundary conditions and it is not a finite-size ef-
fect. As explained in detail in Appendix B, the rate
function f(t) can be calculated analytically with OBC
in the limit where U ′ → +∞, and is expected to exhibit
DQPTs at t∗ = pi/2 + npi. This is in agreement with our
DMRG simulations. For smaller values of U , DQPTs ap-
pear at different times. Finally, we study the time evo-
lution of the eigenvalues of the entanglement spectrum.
Since the mapping of the fermionic SSH model Eq. (16)
in the case J ′ = 0 to a transverse-field Ising model (IV B)
is non-local, as it makes use of the bond operators (17),
the time evolution of the eigenvalues of the entanglement
spectrum cannot be understood by exploiting this equiv-
alence between the interacting SSH model and the Ising
Hamiltonian. Therefore we explicitly simulate the time
evolution of the interacting SSH model using DMRG and
observe the appearance of entanglement spectrum cross-
ings when quenching from the trivial to the topological
phase. The results are shown in Fig. 8, for a quench from
U = 5J to U ′ = 0.
V. CONCLUDING DISCUSSION
In summary, we have investigated the relations be-
tween entanglement spectrum crossings (ESCs), dynam-
ical quantum phase transitions (DQPTs) and quantized
dynamical Chern number (DCN) in one-dimensional two-
band models after a general quantum quench (i.e. not
restricted to a given AZ class). In the case of non-
interacting systems, we devised quench protocols after
which basically any combination between ESCs, DQPTs
and quantized DCN can occur (apart from the case of a
quantized DCN without DQPTs — see Table I). While
the absence of a one-to-one correspondence between these
indicators had been previously discussed, here we showed
that for general quenches also their relation to topology is
in some cases lost. In particular, we were able to generate
a finite DCN (see Sec. III A 2) or topological ESCs (see
Sec. III B with β = 0 and α < 1) from topologically triv-
ial Hamiltonians, as well as accidental ESCs related to
zero-energy boundary modes not protected by a conven-
tional symmetry. Going beyond non-interacting systems,
we also investigated the robustness of ESCs and DQPTs
to the presence of repulsive Hubbard interactions: While
DQPTs are found to persist up to moderate interaction
strengths, the full degeneracy of the entanglement spec-
trum at the crossings does not strictly survive even at
small interactions. Finally, we have considered inter-
action quenches in a SSH model showing, by means of
DMRG simulations complemented by an analytical map-
ping onto a Ising chain in a transverse field, how ESCs
and DQPTs can arise for such protocols.
We conclude by pointing out some possible future di-
rections. An interesting point would be investigating the
effects of finite temperature (see [64, 65] for a discus-
sion in the context of DQPTs) in such quench problems:
Can one identify indicators of some emergent topolog-
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ical property, for example based on the observation of
the entanglement spectrum, in the time-evolution after
quenches with thermal states? Finally, our results raise
the natural question of whether there is a more general
way of understanding the appearance of the above signa-
tures for quench protocols not constrained to a single AZ
class. This question is of course relevant also beyond the
realm of one-dimensional systems studied in this work.
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Appendix A: Non-interacting quench dynamics
In this Appendix we review how the entanglement
spectrum, and dynamical quantum phase transitions can
be calculated in one-dimensional two-band models. We
furthermore provide the explicit expression of the par-
ent Hamiltonian for the quench protocol considered in
section III B.
1. Entanglement spectrum and relation to topology
Here show how to calculate the entanglement spec-
trum for a non-interacting fermionic system [57, 58],
and how topologically protected boundary modes imply
a degeneracy if its levels. The physical properties of a
non-interacting system can be calculated by using only
the single-particle density matrix, which has elements
Ci,j = 〈Ψ|cˆ†i cˆj |Ψ〉, with |Ψ〉 being the state of the system,
and cˆj being the fermionic operator which annihilate a
fermion at site j (including possible spin/orbital degrees
of freedom). In the following we discuss how to calculate
the entanglement spectrum from the knowledge of the
single-particle density matrix. The reduced density ma-
trix ρˆS for a subsystem S of length ` < L can be written
as:
ρˆS =
e−HˆS
ZS
with ZS = Tr
[
e−HˆS
]
, (A1)
where HˆS is referred to as the entanglement Hamilto-
nian. For non-interacting system all the correlations in S
can be calculated from the single-particle density matrix
using Wick’s theorem: it follows that the entanglement
Hamiltonian HˆS is quadratic in the fermionic operators,
i.e. HˆS =
∑`
i,j=1 cˆ
†
ih
S
i,j cˆj . By introducing the opera-
tors dˆm which diagonalize HˆS , i.e. HˆS =
∑`
m=1 mdˆ
†
mdˆm
with cˆj =
∑`
m=1 Vj,mdˆm, we can express ρˆS as:
ρˆS =
∏`
m=1
e−mdˆ
†
mdˆm
1 + e−m
, (A2)
from which we can see that for j, k being lattice sites in
subsystem S, we have:
TrS
[
ρˆS cˆ
†
j cˆk
]
=
∑
n
V ∗j,nVk,n
1 + en
. (A3)
This gives us a direct relation between the eigenvalues
m of the entanglement Hamiltonian and the eigenvalues
of the single-particle density matrix restricted to subsys-
tem S. Namely, denoting with ξm the eigenvalues of the
single-particle density matrix reduced to S, we have:
ξm =
1
1 + em
. (A4)
It is therefore sufficient to diagonalize the single-particle
density matrix restricted to subsystem S for knowing
the eigenvalues m of the entanglement Hamiltonian HˆS ,
from which we can calculate the eigenvalues of the re-
duced density matrix ρˆS as:
λ{sm} =
∏`
m=1
[
1
2
+ sm
(
ξm − 1
2
)]
with sm = ±1.
(A5)
In particular, the highest entanglement spectrum eigen-
value would correspond to occupying all the lowest eigen-
states of HˆS with energy m < 0, i.e. ξm > 1/2, by set-
ting sm = 1 for them, and leaving the remaining ones
empty with sm = −1. The other eigenvalues are simply
computed as excitations above this Fermi sea.
We point out now the relation between topology and the
degeneracy of entanglement spectrum. First, we notice
that there is a clear correspondence between the single-
particle entanglement energies m and the single-particle
eigenvalues of the band-flattened parent Hamiltonian for
the state |Ψ〉. Let us consider the band-flattened parent
Hamiltonian defined as:
Qˆ = Iˆ − 2 |Ψ〉〈Ψ| . (A6)
It is immediate to notice that its single-particle represen-
tation Q, with elements Qi,j = Tr
[
Qˆ cˆ†i cˆj
]
satisfies:
Q = I − 2C , (A7)
which gives a direct relation between its eigenvalues qm
and the entanglement energies m, as:
qm = 1− 2 ξm = e
m − 1
em + 1
. (A8)
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For qm = ±1 (i.e. ξm = 0, 1) we have m = ±∞,
thus the corresponding entanglement modes are inert,
i.e. they are always empty/occupied and do not con-
tribute to the entanglement spectrum. If Q has a zero-
energy mode with qm = 0, the entanglement Hamilto-
nian also has a single-particle energy mode with energy
m = 0 (corresponding to ξm = 1/2). Now let us assume
that |Ψ〉 is the ground state of a topological Hamiltonian
Hˆ =
∑L
i,j=1 cˆ
†
iHi,j cˆj that admits protected zero-energy
boundary modes with open boundary conditions. The
entanglement spectrum would be computed by calculat-
ing C, which is equivalent to computing Q by flatten-
ing the bands of H. Since the band-flattening constitues
a smooth deformation which does not change the topo-
logical properties, Q is also expected to have protected
zero-energy boundary modes, which in turn lead to zero
modes in the entanglement energies, and thus degenera-
cies in the entanglement spectrum.
2. Dynamical quantum phase transitions
DQPTs are hallmarked by non-analyticities of the rate
function:
f(t) = − lim
L→+∞
1
L
ln[L(t)] , (A9)
associated to the Loschmidt echo L(t) = |〈Ψ|e−iHˆ′t|Ψ〉|2,
where |Ψ〉 is the initial quantum state. In this Appendix
we briefly discuss under which conditions a DQPT can
appear in two-band systems. To this end, we recall that
the pre-quench Hamiltonian Hˆ =
∑
k Πˆ
†
kh(k)Πˆk, with
h(k) = ~d(k) · ~σ, can be diagonalized in momentum space
by a unitary matrix Mk such that M
†
k h(k)Mk = E(k)σz,
yielding Hˆ =
∑
k E(k)Φˆ
†
kσzΦˆk with Φˆ
†
k = Π
†
kMk =(
cˆ†k,U cˆ
†
k,L
)
. Similarly, the parent Hamiltonian Hˆ =∑
k Πˆ
†
khP(k, t)Πˆk is diagonalized at each time t by a
matrix Mk(t) such that HˆP =
∑
k E(k)Φˆ
†
k(t)σzΦˆk(t),
with Φˆ†k(t) = Π
†
kMk(t) =
(
cˆ†k,U (t) cˆ
†
k,L(t)
)
. Taking the
initial state |Ψ〉 as the ground-state of Hˆ, we can ex-
press the initial and the time-evolved state as |Ψ〉 =∏
k cˆ
†
k,L|0〉 =
∏
k Πˆ
†
kU(k)|0〉 and the time-evolved state
|Ψ(t)〉 = ∏k cˆ†k,L(t)|0〉 = ∏k Πˆ†kU(k, t)|0〉, respectively,
with the spinors U defined by h(k)U(k) = −E(k)U(k)
and hP(k, t)U(k, t) = −E(k)U(k, t). Using the defini-
tion (A9) we then obtain:
f(t) = −
∫ +pi
−pi
dk
2pi
ln |U†(k)U(k, t)|2 , (A10)
where we used limL→+∞ 1/L
∑
k ≈ −
∫ +pi
−pi dk/(2pi).
Defining ~nP(k, t) = −~dP(k, t)/dP(k, t) and ~n(k) =
−~d(k)/d(k) we see that:
|U(k)†U(k, t)|2 = Tr
[
1 + ~nP(k, t) · ~σ
2
1 + ~n(k) · ~σ
2
]
=
=
1
2
[1 + ~nP(k, t) · ~n(k)] , (A11)
and using Eq. (4) we finally obtain:
f(t) = −
∫ +pi
−pi
dk
2pi
ln
[
cos2[d′(k)t] + γ(k) sin2[d′(k)t]
]
,
(A12)
with γ(k) =
[
~n′(k) · ~n(k)]2. Singularities of f(t) come
from those momenta k∗ at which γ(k∗) = 0, happening
periodically at times t∗ = (2n+ 1)pi/d′(k∗), with n ∈ N.
3. Parent Hamiltonian for two-band models
In this Appendix we calculate the explicit expres-
sions (4a)-(4c) for the Hamiltonians:
~d(k) = (Jx, Jy, Jz) , (A13a)
~d′(k) = (J ′ + J cos k, J sin k,∆) . (A13b)
To this aim we conveniently introduce:
A(k) ≡ [
~d(k) · ~d′(k)]
d′2(k)
=
= [(J ′ + J cos k)Jx + JJy sin k + Jz∆]/d′2(k) , (A14)
with d′(k) =
√
(J ′ + J cos k)2 + J2 sin2 k + ∆2 and us-
ing Eq. (3) we obtain:
d
(x)
P (k, t) = A(k)(J
′ + J cos k) + cos[2d′(k)t][Jx −A(k)(J ′ + J cos k)] + sin[2d′(k)t] JJz sin k −∆Jy
d′(k)
, (A15a)
d
(y)
P (k, t) = A(k)J sin k + cos[2d
′(k)t][Jy −A(k) sin k] + sin[2d′(k)t] ∆Jx − Jz(J
′ + J cos k)
d′(k)
, (A15b)
d
(z)
P (k, t) = A(k)∆ + cos[2d
′(k)t][Jz −A(k)∆] + sin[2d′(k)t] Jy(J
′ + J cos k)− JxJ sin k
d′(k)
. (A15c)
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In the case considered in the main text:
~d(k) = J(β, 0, α) , (A16a)
~d′(k) = J(cos k, sin k, α) , (A16b)
we obtain:
hP(k, t) = ~dP(k, t) · ~σ = h (n.)P (k, t) + h (n.n.)P (k, t) .
(A17)
In the above equation:
h
(n.n.)
P (k, t) =
(
0 η(t)e−2ik
η(t)e2ik 0
)
, (A18)
where:
η(t) =
βJ
1 + α2
sin2
(√
1 + α2Jt
)
, (A19)
and:
h
(n.)
P (k, t) =
(
M(k, t) δ(t) + (t)e−ik
δ∗(t) + ∗(t)eik −M(k, t)
)
(A20)
with the off-diagonal terms being:
(t) =
αJ
1 + α2
[
α
(
1− cos (2√1 + α2Jt))+
+ i
√
1 + α2 sin
(
2
√
1 + α2Jt
)]
, (A21a)
δ(t) =
βJ
2(1 + α2)
[
1 +
(
1 + 2α2
)
cos
(
2
√
1 + α2Jt
)
+
− 2iα
√
1 + α2 sin
(
2
√
1 + α2Jt
)]
, (A21b)
and diagonal ones being:
M(k, t) = m(t) +ms(t) sin k +mc(t) cos k , (A21c)
m(t) =
αJ
1 + α2
[
α2 + cos
(
2
√
1 + α2Jt
)]
, (A21d)
mc(t) =
2Jαβ
1 + α2
sin2
(√
1 + α2Jt
)
, (A21e)
ms(t) = − β√
1 + α2
sin
(
2
√
1 + α2Jt
)
. (A21f)
a. Case of β = 0 and α < 1
In the case of β = 0, the coefficients η(t), δ(t), mc(t)
and ms(t) vanish at all times, and the parent Hamilto-
nian becomes:
hP(k, t) =
(
m(t) (t)e−ik
∗(t)eik −m(t)
)
. (A22)
For α < 1, there exist time intants at which the diagonal
term m(t) vanishes, implying that at this times the par-
ent Hamiltonian has a chiral symmetry S = σz and a well
FIG. 9. Dynamics of various signatures for the quench pro-
tocol: ~d(k) = J(0, 0, α) and ~d′(k) = J(cos k, sin k, α) with
α = 0.5 and J = 1. (a) Time evolution of the entangle-
ment spectrum λm(t) (for m = 1, ..., 4 — solid lines), and
of the rate function f(t) (dashed red line). (b) Time evolu-
tion of the Zak phase Z(t) of the parent Hamiltonian hP(k, t)
(solid blue line). The Zak phase equals pi (marked by the red
horizonal line) at the times of the ESCs (marked by vertical
dashed black lines — in green the entanglement spectrum for
clarity).
defined winding number 1. At these time instants cross-
ings in the entanglement spectrum occur, as shown in
Fig. 9(a), which are associated to the topologically pro-
tected edge states of the parent Hamiltonian when OBC
are considered. This can be also seen by looking at the
Zak phase, defined in Eq. (15), which is equal to pi when
the ESCs happen, as shown in Fig. 9(b).
b. Case of β = α = 0.5
In the case of J = 1 and α = β = 0.5, one can see that,
at the time t∗1 ≈ 1.028826 when the ESCs happen for the
first time, the Bloch vector for the parent Hamiltonian
takes the form:
~dP(k, t
∗
1) = γ
 2(cos k + sin k) + 2 cos 2k1− 2(cos k − sin k) + 2 sin 2k
2(cos k − sin k)− 1
 , (A23)
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FIG. 10. (a) Density profile |φL/R(j)|2 ≡ |〈j, A|φL/R〉|2 +
|〈j, B|φL/R〉|2 of the two zero-energy modes |φL〉 and |φR〉 of
the parent Hamiltonian (A23) with OBC. (b) Evolution of
~nP(k, t
∗
1) as a function of k in the Brillouin zone.
with γ = 1/6, while at the second time t∗2 we have
~dP(k, t
∗
2) =
~dP(−k, t∗1). The spectrum of these models
with open boundary conditions have a pair of exponen-
tially localized edge modes at zero energy, whose density
profile is shown in Fig. 10(a), although no particle-hole,
chiral or inversion symmetry is present, which can be
seen from the fact that the Zak phase is different from
pi (see Fig. 4(c)), and also by looking at the evolution of
~nP(k, t
∗
1) =
~dP(k, t
∗
1)/dP(k, t
∗
1) as a function of k in the
Brillouin zone in Fig. 10(b).
Appendix B: Interacting quench dynamics
In this Appendix we report details regarding the cal-
culation of dynamical phase transitions in the interacting
models considered.
1. DQPT in interacting SSH model
Here we consider the quench protocol for the interact-
ing SSH model presented in the Subsection IV B and we
discuss how the choice of the boundary conditions affects
the times t∗ in correspondence of which DQPTs appear.
We recall that the pre- and post-quench Hamiltonians
are:
Hˆ =
LBC∑
j=1
(
Jaˆ†j+1bˆj + H.c.
)
+ U
L∑
j=1
nˆj,anˆj,b , (B1)
and:
Hˆ ′ =
LBC∑
j=1
(
Jaˆ†j+1bˆj + H.c.
)
, (B2)
with LBC = L (LBC = L − 1) for periodic (open)
boundary conditions. In particular, we discuss the rea-
son why, with open boundary conditions and in the
regime U  J , DQPTs appear at t∗ = pi/2 + npi/2
(in units of J) rather than at t∗ = pi/4 + npi/2 as ex-
pected with periodic boundary conditions. In the regime
U  J , using standard perturbation theory, it is easy
to prove that the the ground state of the pre-quench
Hamiltonian is doubly degenerate, and the two lowest
energy configurations are given by |ΨA〉 =
∏L
j=1 aˆ
†
j |0〉
and |ΨB〉 =
∏L
j=1 bˆ
†
j |0〉. Because of the inversion sym-
metry of the SSH Hamiltonian Iˆ = σx⊗ Rˆ (with Rˆ being
the spatial reflection and σx acting on the sublattice in-
dices), the two degenerate ground states correspond to
the symmetric and the anti-symmetric linear combina-
tions |Ψ±〉 = (|ΨA〉 ± |ΨB〉)/
√
2. Introducing the bond
operators: wˆj,+ =
1√
2
(
aˆj+1 + bˆj
)
wˆj,− = 1√2
(
aˆj+1 − bˆj
)
,
(B3)
the post-quench Hamiltonian takes the form:
Hˆ ′ = J
L−1∑
j=1
(
wˆ†j,+wˆj,+ − wˆ†j,−wˆj,−
)
, (B4)
consisting of on-site terms only. For convenience we also
define the single-particle states |j, A〉 = aˆ†j |0〉, |j, B〉 =
bˆ†j |0〉 and |j,+〉 = wˆ†j,+|0〉 and |j,−〉 = wˆ†j,−|0〉. We ob-
serve that with open boundary conditions, j = 1, ..., L−1
and the states |1, A〉 and |L,B〉 are completely decoupled.
Since |ΨA〉 and |ΨB〉 are Slater determinants, under the
action of the non-interacting post-quench Hamiltonian
Hˆ ′, their single-particle states evolve in time as:
e−iHˆ
′t|j, A〉 = e−it|j − 1,+〉 − eit|j − 1,−〉 , (B5a)
for j = 1, · · · , L− 1 and:
e−iHˆ
′t|j, B〉 = e−it|j,+〉+ eit|j,−〉 (B5b)
for j = 2, · · · , L. More explicitly we observe that, with
open boundary conditions, the states |1, A〉 and |L,B〉 do
not evolve. We now consider the time t∗ = pi/2 and, in
order to diagnose the appearance of a DQPT, we calcu-
late the overlap:
〈Ψ±|Ψ±(t)〉 = 〈ΨA|ΨA(t)〉+ 〈ΨB |ΨB(t)〉±
+ (〈ΨA|ΨB(t)〉+ 〈ΨB |ΨA(t)〉) . (B6)
Using Eqs. (B5a)-(B5b), it is easy to prove that:
e−iHˆ
′ pi
2 |j, A〉 = −i|j − 1, B〉 , (B7a)
e−iHˆ
′ pi
2 |j, B〉 = −i|j + 1, A〉 . (B7b)
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Using the fact that for two Slater determinants |Ψ〉
and |Φ〉 made of L single-particle states |ψj〉 and |φj〉
with j = 1, ..., L, respectively, their overlap is given
by the determinant of the single-particle overlap ma-
trix, i.e. 〈Φ|Ψ〉 = det [{〈φi|ψj〉}i,j], we observe that
〈ΨA|ΨA(pi/2)〉 = 〈ΨB |ΨB(pi/2)〉 = 0 with both OBC and
PBC. We thus concentrate on 〈ΨB |ΨA(pi/2)〉 (similar ar-
guments hold for 〈ΨA|ΨB(pi/2)〉). In the case of OBC
since |1, A〉 remains unchanged, while all other |j, A〉
states in |ΨA〉 shift to B states, the overlap matrix has a
column of zeros and therefore its determinant vanishes.
Thus, at t∗ = pi/2 we have 〈Ψ±|Ψ±(pi/2)〉 = 0, which im-
plies a DQPT. On the contrary, with PBC, it is possible
to show that 〈Ψ±|Ψ±(pi/2)〉 = ±(−1)L/2, which implies
that the rate function vanishes.
2. Calculation of rate function with DMRG
Here we discuss how to practically calculate the rate
function f(t) using matrix product states (MPS) tech-
niques when the system size L becomes large. When the
initial state |Ψ〉 and its time evolved |Ψ(t)〉 are expressed
as MPS their overlap can be straightforwardly calculated.
However, at times t∗ at which we have a DPT we have
that the rate function f(t) defined in Eq. (5) becomes
of order one, meaning that |〈Ψ|Ψ(t∗)〉|2 ∼ O(e−L). For
large system sizes the value of |〈Ψ|Ψ(t∗)〉|2 is thus so
small that it cannot be represented on a computer, thus
yielding incorrect results. To overcome this problem, we
iteratevly rescale the overlap during its calculation in the
MPS representation, to keep it of order one, and resum
the logarithms of the rescaling factors at each step in
order to access the rate function at the end of the cal-
culation. Specifically, we calculate O˜(t) = A(t)〈Ψ|Ψ(t)〉
with A(t) =
∏L
j=1 αj(t), where the αj are real rescaling
parameters chosen such that |O˜(t)| ∼ O(1), and in terms
of O˜(t) the rate function becomes:
f(t) = − 1
L
log |O˜(t)|2 + 2
L
L∑
j=1
logαj(t) , (B8)
where the first term is now negligible if |O˜(t)| ' 1. We
perform the following choice for the αj(t). For MPS ex-
pressed as:
|Ψ〉 =
∑
σ1,...,σL
M [1]σ1M [2]σ2 ...M [L]σL |σ1, σ2, ..., σL〉 ,
(B9)
with σj denoting the occupation number at site j,
and M [j]σj being matrices with elements M
[j]σj
aj−1,aj (with
M [1]σ1 and M [L]σL being row and column vectors respec-
tively), and |Ψ(t)〉 having the same expression with dif-
ferent matrices M˜ , the overlap is conveniently calculated
by introducing matrices C [j] whose elements are given
by:
C
[j]
aj ,a′j
=
∑
σj
(
M [j]σj
)†
aj ,aj−1
C
[j−1]
aj−1,a′j−1
M˜
[j]σj
a′j−1,a
′
j
, (B10)
with C [0] = 1 being the identity [55]. The overlap is then
〈Ψ|Ψ(t)〉 = C [L]. We compute the αj by rescaling the
C [j] at each step of the computation of the overlap C [L],
that is for each j, C [j] is replaced by αjC
[j] where:
αj = tr
[
(C [j])†C [j]
]− 12 , (B11)
which keep |O˜(t)| of order one, therefore avoiding prob-
lems related to exponentially small numbers.
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